Exam 3 Name
Math 231-03 Calculus III November 2, 2018

Guidelines

e Calculators are not allowed.
e Read the questions carefully. You have 65 minutes; use your time wisely.

e You may leave your answers in symbolic form, like v/3 or In(2), unless they
simplify further like v/9 = 3 or cos(37/4) = —/2/2.

e Put a box around your final answers when relevant.

e Show all steps in your solutions and make your reasoning clear. Answers with
no explanation will not receive full credit, even when correct.

e Use the space provided. If necessary, write "see other side” and continue work-
ing on the back of the same page.

—

-0 = [|d][[v]] cos § and || x v]| = [|]}[|7]| sin 6

[
IS

e = psingpcosh, y = psinpsinb, z = pcosy, and dV = p*sin pdp dp df

1. (8 points) To be completed once exams are graded and returned. Please correct
any problem with points deducted. All corrections should be completed neatly
on a separate sheet of paper. Once you have finished your corrections, take
your exam and corrections to the Office of Student Learning (OSL), and a tutor
will check your answers and sign below. The checked solutions should be given
to your instructor.

Signature:
Print Name:
Date:




12.1 Planes and Surfaces

869

Table 12.1
Name Standard Equation Features
2 2 2
Ellipsoid S t5t+5=1 All traces are ellipses.
a b c
Elliptic Xy Traces with z = z; > 0 are ellipses. Traces with
. z=—+=
paraboloid at  b? X = xgory = ygare parabolas.
Hyperboloid i N ﬁ i =1 Traces with z = z; are ellipses for all zy. Traces with
of one sheet a2 B X = xgory = ygare hyperbolas.
Hyperboloid X ﬁ N z _ Traces with z = zg with |zp| > |e| are ellipses. Traces

of two sheets

Elliptic cone

Hyperbolic
paraboloid

2
x?. v ZZ
PO Ry
a b c
2
2y
=1
a® b

with x = xyand y = y,are hyperbolas.

Traces with z = z5 # 0 are ellipses. Traces with x = xg
ory =y, are hyperbolas or intersecting lines.

Traces with z = z; # (0 are hyperbolas. Traces with
X = xgory = ygare parabolas.
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2 1
2. (10 points) For / f(z,y) dx dy, sketch the region R and re-write as a double
0 1—y

integral with the order of integration reversed.

Solution:

h / /I:f(x,y)dydw

3 9—z? T
3. (10 points) For / / / f(z,y,2)dydzdx, sketch the region D and re-write
o Jo 0

as an iterated integral in the order dz dz dy

Solution:

From the given integral, we know that 0 <2 <3,0<2<9—-z*and 0 <y < z.
From this, we can see that this is the wedge of parabolic cylinder z = 9 — 22
between the planes 2 =0, 2 =0, y =0, and y = .

Looking at the cross sections below, we see the bounds for z,y, and z.

y=20 z=10

Thus, we see that 0 < 2 <9—2%, y <2 <3,and 0 <y < 3. So,

3 r9-—22 pzx 3 3 ,9-—2?
// / f(l’,y,z)dydzdmz/ // f(z,y,2)dzdz dy
0o Jo 0 0o Jz Jo

2 pVA—2?  pyfd—a2—y?
4. (10 points) Rewrite the integral / / / yi/2? + 42 + 22 dzdy dr in
-2 J0 —\/4—z2—y2

spherical coordinates. Do no evaluate.



Solution:

We see that —/4 — 22 —y?2 < z < /4 — 22 — y2, so we're dealing with a sphere
of radius 2 (p = 2). Similarly, 0 <y < v/4 —2? and —2 < z < 2 so a hemisphere
from the origin to 4 along the +y-axis. Thus, 0 < ¢ <7 and 0 <60 <.

Substituting variables into the integrand, we get /22 + y? + 22 = p and
y? = p*sin® psin?@. Plugging in new bounds and variables, and simplifying we
get that:

Va—a2? 4— m2—y T pr 2
/ / / Y222+ 92 + 22 dzdydr = / / / p° sin® @ sin? Odpdpdd
o Jo Jo

4— x2—y



5. (14 points) Find the average value of = = /16 — 22 — y? over the disk in the zy-
plane centered at the origin with radius 4.

Solution:
When z = 0 then the disk is 22 + y?> = 16 The average value is

= 16 — z2 — A
J= areaofdlsk/ 6—a*—y*d

V16—22
1B — 2 P
167r/ / v/ 16 — x? — y? dydx

V16—z2

27
/ V16 — r2 rdrdf
167r

1 2” 1 2
=— [ —=.-(16—+r2)%2
167 J, 2 3
1 27

1
- —2(0 — 163/?
T J, 3(O 6°/7) rdrdf

1 4
8 o

~ 167 3

V2 VA2
6. (10 points) Convert / 3r dzdrdf to rectangular coordinates with or-

0 0 r
der of integration dzdzdy. Do not evaluate.

Solution:
0<0<2m,0<r<+y2andr<z<+4—12

So converting /22 + y? < z < /4 — 22 — y? this looks like a snow cone. These
two surfaces meet in a circle centered at the origin with radius v/2.

Va—r2 \/2 y?2 \/16 z2—
/ / / 3rdzdrdf = / / / 3 dzdxdy
V2 J— x2+y




7. (10 points) Find the volume of the solid that is enclosed by the planes z = 2,
y =0, z =0, y = z and the parabolic cylinders z = z%. Set up the triple integral
but do not evaluate.

Solution:

2 ax x2
V= / / / dz dy dx
o Jo Jo

8. (14 points) Use cylindrical coordinates to find the volume of the solid bounded
by the plane z = v/29 and the hyperboloid z = \/4 + 22 + y2.

Solution:

These two surface meet when 29 = /4 + 22+ 12 = 29 = 4 + 2% + 1> =
r? + y* = 25 so the intersect in a circle centered at the origin with radius 5.
Thus r = 5.

Now in cylindrical coordinates z = 2 80 z = /4 + 22 + 2 = V4 + 12

Thus,
2 5 V29
V = / / / rdzdrdf
0 0 VAa+r2

—/0%/01(\/2_—\/4+7r2>rdrd9

5
2T 2
—/ (\/@%—%~§(4+r2)3/2>
v 0

_/0% (@(2?5) —%(29@—8)) d6

(a(2) -

do




9. (14 points) Use a transformation and evaluate e”dA where R is the region

R
bounded by the hyperbolas zy = 1 and xy = 4, and the lines y/x = 1 and y/x = 3
in the first quadrant.

Solution:

Let v = zy, from the problem 1 < zy <4 — 1 < u <4 and let v = y/x again
from above 1 <y/r <3 = 1<v<3.

Solving for x and y from the substitution, we see that y = u/z plugging this into

1/2
u u u u
_w _ — w212 and y = & =
=— = z=—7=u/Yandy=-=

" 1/2 Y= = 2172

u
v=y/r=— so z* = yl/2y1/2
22

For the Jacobian,

1 1

4.-1/2, —1/2 _*_1/2 -3/2
w2 2u v L1 1
=1 1 1T T
SumV 212 S /2-1/2
3 4 1
// exydA:/ / e’ |——| dudv
R 1 J1 2v
4
3
1
dv

= / —eu
1 2v .

31 A
:/1 %(e —e)dv




